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Point and Interval Estimators, Based on in Order
Statistics, for the Scale Parameter of aWeihiill

Population with Known Shape Parameter

11. LINON HIARTER ANM) AiBrRrIt . MOORtE
Aerospace RIos areh Laboruatories and Air Force Instittite of i'cchisology

Prright.Paucrsoi& Air rorco IRnse

A derivation is given of the maximum lik~lihood estimator 0, biasedl on thp first
m out of n ordered observations, of the settle parameiter 0 oif Wihuhtilol population
withI known shape paramecter K. I t is shown that 2m 1 O/ 0 has it chi-square dis-tri-
btition with 2mu degrees of freedom~ (intlepentknt of tz). U~c is madte of this fact to sot
tipper confidence bounds with coofilencwo level I - P1 (lower confidence boitnds with
Confidence ICvLvl P) Oil thle scale parameter 0. Formulas are given for the mean squared
devintionq of thle upper and lower ruonfidence hounils fromi the. trite valkue of the
parameter. From these one can obtain ex\pressions for th, eflieieiicy of Confuidence
hotinflis and conflden'.0 inlteroilst. Tlilw expvvtod value of 0i is also determined, and
frcotint the tubidinsing factor 6 - by Which 0 molst b,- multiplied to Obtain an un1biased
estimator 6. Ani expression for the varianlce oft the unbiiasoed estimator 6 is found.
ValueCS Of Ithe linhinsitiugr faCto~r and of Lihe variance of the %tnbiased estimator, both of
which aro independent of nt, aire tablei! for tin - 1( 1 )100 and K O.(.).Ol)..
A section on use iT the trlie and at numerical example are included.

1. INTfl0DUCTI0>N

El)StC ~ ~ ~ I- adSbl(.....pohited mit. Iho axulag it c f the use of
ordered data from trutealed tests, to estlinate the p~aramfeter's of parent. pop-

btnt ions," anld have worked out. detanils for the exponent idl distribiti-on, In
p)art icular, they hanve derived an c.stimator (ý (which is, max\imum likelihood, -

umihias~ed, and mininitun varitmce), bas.ed oin the. first. ?n out of it ordered ob-
servat iomus, of the p~tarameter a of an exponviflt ml populat ion and have shown
t-hat, 2iutd,'y hias a ch-qtr iu o ih2om degrees of freedom (indepoind- -

enit. of n). Thiiey have al'o giveni without (lerivatmnhi the maximum likelihood
nuaor OK, basýed onl the first in out. of n ordered observat ions, of 0",whr 0

hle scale pinitoeter of at Woibladl pUJ)'ipula inWith knu0-".u' shap paameter K
N. It. Maim kt963 1)l. 30) has, staled wit hout proof that 2m610 K Il a,, a ellii
square dlistrfibuttion wvith 2mn degreer, of rreedoiu. 'heI'll(i-:4inug (erix'ation and
proof aoe -upplued inl IIhe present pape'r. Expru-si-imlu' ar, iv.enl for upper anld
lower confidence bounds,, j and Q, anld for the efiin Ie.' asdeined by Hiarter
(196-11l, e), of ý and the cevitral. confidence initerval (Q, 0-). Brief disctmus.iois- of
the mnelthod of comiputat~ion of the table and of its use are giveni, a-, well as a
numerical example which ilIluStrates; the Computation of both point andl interval
est inialtes timd thle efficienicies of both point anid interval estilinators..

1jeCciVed1 Feb. 1964;~ final revisiotn Dec. 1964.
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2. ,\XIMXtM LITKMLIiooD ESTrIMATOR FOR TIHE S•CLE PARIAMETEIt

Tile probability density function of the random variable Y having a Weibull

distribution with location parameter 0, scale parameter 0, and shape parameter

K is given by

((Kio)(yio)-' (y/ p I-(/iO)KI, Y./ > ()

1.0 elsewhere.

Now if we define the random variable X by X = Y' and make the chanre of

variable x = y' in (1), we find the probability density function of the randoim-

variable X to be

(2)~~ JCX) P (-X/OK)/OK x > 0
elsewhere,

which is the familiar exponerntial density function with parameter c = 0•,

Therefore if Y has a Weibull distribution with scale parameter 0 and shape

parameter K and if X = Y', then X is exponentially distributed with param-

eter ar = OK. Hence a maximum likelihood in-order-statistic estimator for 0

can be obtained from the "'best" in-order-statiztic estimator for vx 0" drived

by Epstein and Sobel (1953), which is given by

(3) s.,... = [ar, + r2,. + . .r.+,,x + (n - m).r,.]/j '..,

where x,. (i = 1, 2, .•n) are the first m order statistics of a sample of size It

from an. exponential population. Now, taking the K-th root of both sides of

(3), we obtain

(4) I, --. X. ,' -i- -t- X. . .. I- V. - 1-,..,, , ,, f- I

Since x.,, = y. we can write
(5)- .... = I[!,K + YK, + '" Y,. + (a - m)u./m i/_

Now, since #,, is a maximum likelihood estimator (If 0, i = is a max-

imum likelihood estimator of 0 = a'-.

ime probability density function of tl':; random variable X, =, is given

by Epstcin and Sobel (1953) as

(6) Jo(,, = l'(na)](mlu)'"r'' eXl) (-renx,/c), .r, > 0

elsewvh ere.

Now w(. let =,.." or ='= X:', and we find the probability density fune-

tioll of Y, = (,,,, to be

(7) = I[h, I'(,)I(mi)"y"-' ,xp (--Iyh',/o), i, > 0I 0 elsewhere.

Now, malking the substitution a= 0'• in (7), we obtain

M
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f IK1'()I!ii0)ýYK-l eXp (_ t1111h 0'), !/, >(8) J
10 elsewhe're.

Hereafter, for simplicity, we will deinote 0,,, by 6.

3. CONVID11NCH BOUNDS 1`01t SCAIX PAHAIME'rht 0

From (8) it Call Ix'. easily seen tlint 2m OK / 10 has it chi-square (li.ti'ibutioil
- with 2flL degreeg of freedomn:

(9) 2~~0

- Solving for 0, we obtain

(10) 0 =(2mi/x?),'

Then an uipper confidence bound with confidence level I -P (lower eonfi-
deuce bound with confidence levi] 11) onl 0 is given by

where the first subscript onl i2 the anumber of (legreeg of freedom and thle-
second one is the cumulative probability. The iint.ei'val betw,.een lower and
tipper confidence bounds, each with confidence level I - P', will be cau l. ell-
tral confidence interval Nvitli confidencc level I - 21'. Equiat~ions (9)-(HI) re-
mlainl valid whenl m = ?,i inl which case; (11) is anl express.ion for the conventional
confidence bomnd based oi aill n observations.

4. EmFIrNxcY OF' CONr'ImflNC1, BOUNDS AND INTEUVAL9

Hiarter (106-4b, c) htvs defined thle efficiency of a substitute uipper Confidence
bound as the ratio, expressed as a percentagre, of the meanm squaremd deviation
of the conventional upper confidence bound from tile truec parameter value to

- ~ ~ h tIw meniu squailred duevouin i'tl (it' 11t "1.4Au~tcILL ~9 .. c 11.1nO' froni the0

true p~aranmeter viLlue.. rhis definlitionl maly be eXpreVSSed Syllbolically inl the(
form

*(12) IA. = l0Ej(J - 0)'J/E[(U' -0)21.

"whlere F.. is thle efliciencey (ill percenit) of thle Allbstitiate upper Collfidlence bound,
* Ej[(6 - 0)2) is the mencu squared deviation of the conventional upper conl-

fidence bound 6 from thle true. value 0 of the parameter, and EL(U' - 0121 i.;
the metan squared deviation of the substitute tipper confidence bound 0' from
thle truei Value 0 of tile paramleter. Further, thle efficiency of it substitute Cell-

-tral confidence. interval is defnied as tile ratio, expressed 11 Iý perce'ntlige, of
the sumi of the men mium sqred deviationls of the Conventional upper and lower
confidence bound,, from(ie h'ItI']i irupaaiiet('r value to the suIIof the memn squared
(leviatioill of the substitute upper and lower coidicidneie bounds, from the tm-ac
p~aramenter vidlue. This definition in .Ynmbolic form is; given b,

(!31) E, 00= I(EI(6 - 0) 2] E[(Q - )'] 1,- 1E[tf' - 0)] + 0)7Q 1

whevre E, is (lhe efficiency (inl percent) of tilie tsubstitute centrald coinfidencee
interval, EFlt 0)21 and EI(O' -- 0)'] arc defined as above, anid EjkQ - 0)']
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and EI(Q' - 0)'] are re.ecttively the mennltl squitrcl (lviftioiis of tlh con-
%'v1ltion flla l and i bsitiltl owe l ] V otlr i'(- vhh' l hIIIIl.• 0 1111 Q' fromn 111v ruo, v11l11

S~~0 (if the plunti h'r.•=o- rble (1963 it 1114 shown that tihte IiIOn si Ilitr.d devialitio Ekt - 0)'l of

the con\venlituni upper collnfideno bound with Cnolidenc.- level I - P, bnied

Mkt all I ,.-.'rvatiios, from the trrue vnhlue 1) of the scale parnmethr of a Weihull -=

popuilation with known slplev plranutet r K is girii lby

-_ (14) E(' ic- 0)21- I - 2'"" []'([n-I- + :ls.T I., Fl11 I. j

+ 2' AJF(,I 42:h);l (n)1 X 1l./x,.,.1

and that, the nican squared deviation Ai(Q. - 0)21 of the corresponding con-

""ventional lower confidence hound is found by repdtaeing J by l? and P by I - P

in (1.1). Since 2n,.O,10 is distributed as %' with 2n dugrees of freedom and

2mint0t as x' with 2m degrees of freedom, tlih mean squalid deviations of

the Substit.uto confidence bounds based on the finst mn order statistics are found

ast follows: E[(&' - 0)'] by replacing 5 by 0' and n by mn in (1-1); E(IQ' - 0)21 -

by replacing 9 by Q', n by m, and 1P by I - P in (141). Substitution of the r1..
silts in (12) and (13) then yields the, efficiencies of the substitute upper con-

fidence bound and the sabstitithe central eonfidence interval, respectively, i.s

eomnpared with the con,entional bound and intervnl bIsed oil M1l ti observations.

5. UNBIA9SD E.--ThMATOi( FOIl TIHE SCAI.E IA'AMItrEIl

The expected value of 0 is found by using (8) to be

(15) ':E(O) = 01(m + I/K1 I' "r(m)1.

Henec an unbiased estimator of 0 is giveni by

(16) 0 = [,1l"I'(n)!V(m + 1lK)i0.

The variance of the unbiased estimintor t0 is fomnd to be

(17) Vau 0 ý 021• 1'(m) '(m -I- 2/IK)/l'N(i + I/K)I - 1

Values of th.. unbiasing factor 6/0 for a mmxinnin likelihood estimator

and (if the ratio Vitu 0/0' of the variainev of all ilnibiised evstin:ttor to 07, eX-

pressions for which can be obtained by dividing both sides or ti16) by 06 and

both sides of (17) by 02, were computed for ?in = 1(1)100 midI K w 0.5(0.5)

4.0(1.0)3.0. The eomptli)tatiOit \'ere perforimled on the 1BNl 1620 comtputer

with FOlIUTIAN p)rogr'ammiing, ne living mialtde of St irhi,-i' ipprriximittion

t.o the (O.uunuiil functioln. Twelve deciimail digiti. were eairied ill lhe ciollpluta-

tions, but. the values of the uniibiasing factor were rounded to 6 decimal places

(6 or 7 signilica•t digits) and those of til varianc, to 8 dueii•al places (5 to i

significant digit,). T'lie results mie shown in 'I'able 1.

6. USE oF 'rA TA J

It life-testing sitiation-S, ine may wilt tai terniinii e te ist. withbout wait-

ing for all i of the iteis pliced on t'st to fail. If the life (list rilaition is Weibull

with lc oiowit shape paramnethr K, where K is one of the vlthies included in Table 1,
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TABLE I (continued)
Unbiasing Factors for Afad mum Likelihood Estimators and Variances of Unbiased

Est;mators from in Order Staltitics of Scale Parameter 0 of Weibull Poptlation
Shape Parameter K = 2,0

In 0a Var j/0/ IN j/9 Var j/ 1

1 1.128379 .27323954 51 1.002454 .00491392
2 1.0638416 .13176848 52 1.002407 .004181919
3 1,042352 .0864C"74 53 1.002361 .00472805
4 1. 31661 .06432432 54 1.002317 .00464030
5 1.025273 .05118452 55 1.002275 .00455574
6 1.021027 .04249704 56 1.002235 .00447421
7 1.018002 .03632842 57 1.002105 .004:19554
8 1.015737 .03172251 58 1.002157 .00.13 1959
9 1.013979 .02815254 59 1.002121 .0042.1623

10 1.012573 .02530447 60 1.002085 .00417531

11 1,011424 .02297952 61 1.002051 .00'10672
12 1.010469 .02104572 62 1,002018 .00404035
13 1.009659 .01911205 63 1.001936 .00397610 10
14 1.008967 .01801368 64 1.001955 .00391385
15 1.008367 .01680320 65 1.001925 .00385352
16 1.007842 .0157-1513 66 1.001896 .00379503
17 1.007379 .014R1240 67 1.001867 .00373828
18 1.006968 .01399:198 68 1.001840 .00368320
19 1.006600 .01324330 69 1.001813 .00362973
20 1. 000269 .01257713 70 1.001787 .00357778

21 1.005970 .01197477 71 1.001762 .00352730
22 1.005697 .01142746 72 1.001738 .00347823
23 1.005449 .01092799 73 1.0')1714 .00343050
24 1.005222 .01047035 74 1.001691 .00338407
25 1.005012 .0100-19-19 75 1.001668 00333RR7
26 1.004819 .001966116 76 1.00,1616 001329417
27 1.00.16-10 .00930172 77 1.031625 .00325201
28 1.00.1.17,1 .008-96807 78 1.001604 .009321025
29 1.004319 .00865752 79 1.001584 ,00316955
30 1.00-1175 .00836776 80 1.001564 .00312987

31 1.00.1040 .00909677 81 1.001544 .00309117
32 1.0003914 .00784278 82 1.001526 .003053.11
33 1.003795 .00760-123 83 1.001507 .00301657 main=
34 1,0036.3 .00737977 ,S4 1.001480 .00298061
35 1.003578 .007 1816 85 1.001472 .0029.t5-19
36 1.003,178 .00696,39 86 1.001155 .00291119
37 1.001:8-.1 .0006779.13 87 1.0014138 .00287763
3:9 1,003295 .0066'01145 8M 1.001121 .0028 112'3
39 1.003210 .0060113067 80 1.001,105 .00291292
40 1.003130 .oflv269-1 1 90 1.001390 .00278163

41 1.003053 .00C011604 91 1.001375 .W0275102
42 1. 00218 1 .00596999 92 1.001360 .00272107

43 1.002911 .00(583076 '3 1.0013-15 .00269178
44 1 .102,845 .00569787 94 1.001331 .00266310
45 1.0102782 01()557090 95 1.001317 .10263503

46 1,002721 .010,5449417 90 1 .0021303 .00260755
47 1.002663 .00533322 97 1.001289 .00258063
48 1.0(026(4 .0052218,3 93 1 .001276 .002554127
49 1 11(]255.1 .011541499 99 1 .01)1263 .0 0252,413
50 1 .002503 . 0o!12 2t4 100 1.001251 .0)1250312

Amr.
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T&Bi. 1 (continued)
Unbiasino Factors for Maximum Likelihood Estimators and Variances of Unbiased

Estimators fromn m Order Statistics of Scale Parametre 0 of Weibull Population
Shape Parameter K - 2,5

n n/0 Var 6/16 m M/0 Var d/10

1 1.127060 .18310455 51 1.002357 .00314930
2 1.002261 .08052458 52 1.002312 .00308754
3 1.041086 .05634335 63 1.002238 .00302909
4 1.030634 .04172268 54 1.002226 .00297281
5 1.024414 .03311340 55 1.002185 .00291859
6 1.020292 .02744474 56 1 .002146 .00286630
7 1.017359 .02343128 57 1.002109 .00281586
8 1.015107 ,02044098 68 1.002072 .00276716
9 1.013466 .01812705 59 1.002037 .00272012

10 1.012108 .01628345 (30 1.002003 .00267465

11 1.010999 .01478008 61 1.001970 .00263017
12 1,010075 .01353073 62 1.001938 .00258812
13 1.009205 .01247007 63 1.001008 .002546092
14 1.008627 .01157389 64 1.001878 .00250701
15 1.008049 .01079335 65 1.001849 .00246834
16 1.007543 .01011142 66 1.001821 .00243084
17 1. 007097 .00951052 67 1.001794 .00239446
18 1.006701 .00897702 68 1.001767 .00235916
19 1.006346 .00850019 69 1.001741 .00232488
20 1,006027 .00807145 70 1.001717 .00229158

21 1.005739 .00768388 71 1.001692 .00225922 -

22 1.005477 .00733182 72 1.001669 .00222777
23 1.005238 .00701061 73 1.0n1640 .00219717
24 1.005019 .00071635 74 1.001624 .00216741
25 1.004R18 .00644580 75 1.001602 .00213844 --

26 1.00,1032 .00619620 76 1.001561 .01i211024
27 1.004460 .00596521 77 1.001560 .00208277
28 1.004300 .00575082 78 1.001540 .00205601
29 1.004151 .00555131 79 1 001521 .00202992
30 1.004012 .00536517 80 1.001502 .00200449

31 1.003882 .00519111 81 1.001483 .00197969
32 1.003701 .00502799 82 1.001465 .001955.19
33 1.003647 .00437481 83 1.001447 .00193188
34 1.003539 . 0473069 84 1,001430 .00190884
35 1.0034138 .00459484 85 1.001413 .00188633
36 1.003342 .00,146057 86 1.001397 .00186435
37 1.003251 .00-434528 87 1.001381 .0018,1288
38 1.003160 .00-123039 88 1.001365 .00182189
39 1.003084 .20412143 89 1.001350 .00180138
40 1.003007 .00401793 90 1.001335 .00178133

41 1.002933 .00301951 91 1.001320 .00176171
42 1.002863 .00382579 92 1.001306 .00174253
43 1 .002797 .00373645 93 1.001202 .00172375
44 1.002733 .00365119 94 1-001278 .00170538
45 1 .012672 .00356973 95 1.001264 .001687410
46 1.002614 .003,191,3 96 1.001251 .00166979
47 1.002558 .00341725 97 1.001238 .00165254
48 1.002505 .00:331579 98 1.001226 .00103565
49 1.002415,1 .00327726 99 1.001213 .00161910
50 1.002404 .003211419 100 1. 01,, 12f, 1 .01i02,88
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TrABLE 1 (contiued)
Unbia.•iag Factors for Maximnum Likelihood Estimators and Variances of Unbiased

Eetimators from Yn Order Statisties of Scale Paranwter 0 of Weibull Population
Shape Parameter K - 3.0

"I 61d Var /02fi m jt0 Vatr !/02

1 1.119847 .13209336 51 1.002183 .00218813
2 L.058189 .06133753 52 1.002141 .00214587
3 1.038277 .0396771M 53 1.002101 .00210521-
4 1.028495 .02928,0,O 54 1.002062 .00206607
5 1.022689 .02319038 55 1.002024 .00202835
6 1.018846 .01919354 56 1 .001988 .00199199
7 1.016115 .01637029 57 1 001953 .00195091
8 1.014075 ,014270:15 58 1.001919 .001923041
9 1.012494 .01264752 59 1.001887 .00189032

10 1.011231 .01135588 60 1.0011855 .00185870

11 1.010201 .01030348 61 1.001825 .00182812
12 1.009343 .00942952 62 1.001795 .00179,;53
13 1.008619 .00869217 63 1.001767 .00176988
14 1.007%98 .00806173 64 1.001739 .00174213
15 1.007461 .0(0751654 65 1.001712 .00171524
16 1.006992 .00704040 66 1.001686 .001689016
17 1.006578 .00662097 67 1.001661 .00166397
18 1.006210 .00624970 6,1 1.1101637 .00163932
19 1.005882 .00591606 69 1.001613 .001615.19
20 1,005586 .00561704 70 1.001590 .00159234

21 1.005319 .00534678 71 1. 00 1567 .00156984
22 1.005076 .00510133 72 1 001546 (100154797
23 1.004854 .00,1877.13 73 1 001524 .00152670
24 1.00,1651 .004167235 74 1.001504 .0MW50M01
25 1.004464 .00,148:383 75 1.0014,84 .01,48587
26 1.004292 .004130992 76 1.001,64 .00H66.16-mo
27 1.00413:2 .00.114,900 77 1.10101.145 .00144716
28 1 .00398.1 .003)9966 78 1.0014.27 .0(1,12856
29 1.0038.16 .00386070 79 I. (001(1O8 .00141012
30 1.003717 .00373107 80 n.0U1391 ,0013-J274t

31 1. 003597 .00360986 81 1 001374 .00137550

32 1. 003,8,1 .00:1,19628 82 1.0(11357 .0013158I8
33 1.003378 .00338962 83 1.0013,10 .0013-1227
34 1.003279 .00328928 81 1.00132,1 .00132625
35 1.003185 .00319.171 85 1.0oo01309 .00131060
36 1.0013096 .(0031105-43 86 1. .0 1291 . 00(129533
37 1.0(03012 003(102100 87 1. o') 1279 .001280.140
38 1.0102932 .0029410.1 88 1 0.1(12.14 .00(1126(581
39 1.002857 .00286520 89 1.001250 .0 0 1 25155
40 1.002785 .00279318 90 1.C101236 (.0123761

41 1 .0O2717 .0027.2469 91 1 001222 .001223tS
42 1 .0112652 .002659-17 92 1 .01209 .0(0(121064
43 1 .0( 25!11 .A102511731 93 1 O((119 .00119760

4,4 1.002532 .W(1253798 94 1 001183 .o01 ISIS3
45 1.002.475 .0L0)2.4NI31! 95 1 i1 1171 .o01172:2
46 1.10(24121 .002-12711 96 I 1 l1 159 ,0011 (I)O,
47 1 .0021370 .0((23752:1 97 1 ((0((1.17 .0O7l I-T .10
48 1.0012320 .1)0232551 98 1.(001 '15 00(I113636
49 1 0(012273 .00227781 M9 1 0(1(1121 .00(1 12-,S5
50 1 ((((2227 ,()22:121 101 1 011112 DI I (135
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T'AIr1. 1 (contiauted)
Unbiasing Factors for Maximum Likelihood I.-ttiptitors and Variances of Unbiased

Estimators from in Order Slatistics of Scale Parametcr 0 of Wetbull Population
Shape Paramnter K - 3.5

M i/6 Var 6/10 Mn Var /1..

1 1. 111423 .10014607 51 1.002006 .00160864
2 1.053765 .041591797 52 1.001967 .001577516
3 1.035293 .029.176097 53 1.001930 .0015-1765
4 1.026247 .02169264 5,1 1.001894 .00151085
5 1.020886 .01715179 55 1. (H)015 .001419111
6 1.017341 .01417983 56 1.001826 .00146.136
7 1.014824 .01208.142 57 1.001794 .00143856
8 1.012045 .01052796 58 1.001763 .00141365
9 1,011498 .00932639 59 1.001733 .00138958

10 1.010326 .00837081 60 1.001704 .0013W4333

11 1.000378 .00759275 61 1.001676 .00134383
12 1.008599 .00694696 62 1.001649 .00132207
13 1.007922 .00640237 63 1.001623 .00130100
14 1.007351 .00593092 64 1.001597 .00128059
15 1.00(1857 .00553455 65 1.001573 .00126081
16 1.0064,26 .00518324 66 1.0015419 .0012,1164
17 1.0060.15 .00,187386 67 1.001526 .00122304
18 1.005707 .00459932 68 1.001503 .00120498
19 1.005405 .00.135406 69 1.001481 .001187,15
20 1.005133 .00.113362 70 1.001460 .001170413

21 1.001897 .00393443 71 1.001.140 .001153R9
22 1 .004664 .00375355 72 1.001420 .00113780
23 1.004460 .00358857 73 1.001400 .00112216

24 1.004273 .003437,18 74 1.001381 .00110695
25 1.004101 .00329.459 75 i, 60136k i.. 6 3 1
26 1.003943 .00317049 76 1.0013,15 ,00107772
27 1.003796 .00305197 77 1.001327 .0010638
29 1.003060 .0029A1 9 78 1.001310 .010-4990
29 1.003533 .00283966 79 1.001294 .0010)36600
30 1.003415 .00274421 80 1.001277 .00102366

31 1.003305 .00265196 81 1.001262 .00101098
32 1.003201 .00257134 82 1.001246 .0AX90862
33 1.003104 0()249283 83 1.001231 .00098655
34 1.003012 .002,11890 84 1.001217 .00097.77
35 1.002926 .00234935 85 1.001202 .00096327
36 1.0029-14 .00228363 80 1.001189 .00095203
37 1.(82767 .002221,19 87 1.001175 .00094106
38 1.002694 .00216264 88 1.001161 .{00093033
39 1.0(H2625 .00210683 89 1.001148 .00091985
40 1.002559 .00205382 90 1.001135 .00090960

41 1.002496 .00200342 91 1.001123 .6008095riq
42 1 .002.137 .A)1955.13 92 1.001111 .000S8977
43 1 0023:10 .00190969 93 1.001011)9, .0008,;(8 818
44 1 002326 .00186604 9.1 1.001087 .09087079

45 1.002274 .(8182.13.1 95 1.001075 .0O0086160
46 1.002,22.1 .0 7•,416 96 1. G01064 .0(8)85260
'17 1 .(02177 .0017.1620 97 1.001053 .000X4:,379
49 1.002131 .00170971 98 1,0010,13 . 003r, 15
,49 1 00120SS .00167-16.1 99 1,111)1032 .00(1,2670
501 1.00,20-16 .0)16.1098 101o 1. (001022 .00081OS.11
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TAD^x I (continved)
Unbinsing Factors for Afaximum Likelhhood E1tfnalors and Variawces of Unbiased

EBimators from m Order Statistfcs of Scale Parameter 0 of Weibull Population
Shape Parameter K - 4.0

Mn Var t /O1 mfi/b Var /0t2

1 1.103263 .07870520 51 1.001843 .0012,3225
2 1.049606 .03555699 .52 1.001807 .00120843
3 1.032516 .02277234 53 1.001773 .00118551
4 1.024163 .01672043 54 1.001740 .00110344
5 1.019220 .01320237 55 1.0C.709 .00114218
0 1.015954 .01000486 56 1.001078 .00112168
7 1,013635 .00028741 57 1.001048 .00110190
8 1.011o05 ,00,os731 58 1 001020 .00108281
0 1.010564 .00716161 50 1.001592 .00100437

10 1.009495 .00642591 60 1.001800 .00104055

11 1.008622 .00592721 61 1.001540 .00102032
12 1.007890 .00533050 62 1,001515 .00101204 a

13 1.007283 .00491179 63 1.001491 .000990649
14 1.000758 .00455404 64 1.001468 .0009808G
15 1.000304 .00424485 65 1.001445 .00006570
16 1.005907 .00397497 66 1.001423 .00095101
17 1.005557 .00373734 67 1.001402 .00093675
18 1.005246 .00352652 68 1.001381 .00092292
19 1.004968 .00333820 69 1.001301 .000o0949

20 1.004718 .00316898 70 1.001342 .00089045
21 1.004.192 .00301608 71 1.001323 ,(1088377
22 1.004286 .00287725 72 1.001304 W00087145
23 1,004099 .00275064 73 1.001287 .00089460
24 1.003927 .00263470 74 1.001269 .00084781
25 1.003769 .00252814 75 1.001252 .000836,16
20 1.003624 .00242987 76 1,001236 .00082541
27 1.003489 .00233894 77 1.001220 .00081465
28 1.003364 .00225458 78 1.001204 .00080417
29 1.003247 .00217609 79 1,001189 .00079390

30 1.003138 .00210288 80 1.001174 .00,078400
31 1.003037 .00203443 81 1.001159 .00077428
32 1.002942 .00197030 82 1.001145 .00076481
33 1.002852 .00191009 83 1.001131 .00075556
34 1.002768 .00185345 84 1.001118 .00074654
35 1,002688 00180007 85 1.001105 .00073773
36 1.002014 ,001749M8 8s 1.001092 .00072912
37 1,002543 .00!70204 87 1.001074 .00072071
38 1.002476 .00165692 88 1.001067 .00071250
39 1.002412 .00161413 89 1.001055 .00070447 1.

40 1.002351 .00157349 90 1.001043 .00069062
41 1.002294 .001-534185 91 1.001032 .00006894
42 1.002239 .00149806 92 1.001020 .0000M143
43 1.002187 .00146300 93 1.001009 .00067408
44 1.002137 .00142954 94 1.000999 .00000688
45 1.002089 .00139757 95 1.000988 .0005984
46 1.002044 .00136701 96 1.000978 .00065295
47 1.002000 00133775 97 1.000968 .00061620
48 1.001958 .00130972 98 1.0t0)958 .0 06305•
49 1,001918 .00128283 99 1.0009,18 .000:13311
50 1.001880 .00125703 100 1.000939 .00062676

SM'
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TA!U.m 1 (evfintued)
Unbinaingi Factors for Maxi~tmn Likelihood Estimators anid Variewcs of Unbialed e

Estimatora from ti Order Statistics of Scali Parameter 0 of Il'eibtll Population
Shape Parameter K - 5.0

"I / Var 6/0 t' 61l Var 0/0/ o

1 1.089124 .052-16525 51 1.001573 .00078924
2 1.012563 .02323010 52 1.0015,13 .0X0773972
3 1. 027845 .0147732 5 53 1.001513 .00075928
4 1.020074 .010,0069 54 1.001,185 .00074514
5 1.016435 .00851701 55 1.001458 .00073151
6 1.013637 .00702572 5G t 001432 .00071837
7 1.011653 .00597782 57 1.001,107 .00070570
8 1.010172 ,00520101 58 1.00138.3 .000693117
9 1.009025 .00,60363 59 1.001350 .0008165

10 1.008110 .00412886 60 1.001336 .00007023

11 1.007364 .00374281 61 1001314 .00065018
12 1.000744 .00342274 62 1.001293 .00064850
13 1.006219 .00315307 63 1.001273 .00003815
14 1.005771 .00292278 6.1 1.001253 .0002913
15 1.005383 .002-'383 65 1.001233 .0000M842
16 1.005043 .002.,.)023 66 1.001215 .00006900
17 1.004744 .00239742 07 1.001107 .00059987 --

18 1,004479 .00226189 68 1.001179 .00059101
19 1.004241 .00214086 69 1.001162 .00058240
20 1.004028 .00203212 70 1.001145 .00057404

21 1,003835 .00193389 71 1.001129 .00056592
22 1.003059 .00184472 72 1.001113 .00055803
23 1.003,199 .001763411 73 1.001098 .00055035
2.1 1.003353 ,onol68Rgi 74 1.001083 .00054288
25 1.003218 .00162054 75 1.001009 .00053561
26 1.003093 .00155745 76 1.001055 .00052853
27 . ..u,"7" .001,90009 77 1 001041 .00052164
28 1.002871 .00144494 18 1.001027 .000514,113
29 1.002772 .00130,157 79 1.001014 .00050,938
30 1.002679 .0013,1759 80 1.001002 .00050200

31 1,002592 .001303,37 81 1.000989 .00049578
32 1.002511 .00126253 82 1.000977 .00048971
33 1.002434 .00122390 83 1.000065 .00048379
34 1.002363 .00118757 84 1.0000954 .00047801
35 1.002295 .00115333 85 1.000•143 .00(47236
36 1.002231 .00112101 80 1.000932 .00046M85
37 1.002170 .0010945 87 1.000m921 .00046146
38 1.002113 .00100151 88 1.00',11 .00045620
39 1.002059 .00103407 89 1.00090(1 .000.15105
40 1.002007 .00100802 90 1 .O0S090 .000.14603

41 1.001958 .000W,324 91 1.00088O .0004.1111
42 1.001911 .00095965 92 1.000971 .000436330
43 1.001867 .00093717 93 1.000302 .00043159
44 1.001824 .00091571 94 1.. o052 .00012698
45 1. 00 1783 .000,1(,0522 95 1.0008.13 .000.12247 .-

46 1.0017,.1 .000S7562 96 1.000S35 .000.1190C
47 1.001707 .00085687 97 1.000826 .00011:373
48 1.001672 .0008,3890 98 1.00(M17 .00O.10950
49 1.001637 .00082167 99 1.000809 .00040535
50 1.0016001 .00080513 100 1.000801 .OCO.-1I01
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"TAflLX I (,'oninIMd)
Unbansin1 l"Factors for Maximitnt IAehhaood Es.iiators and Vriee'e.i of Up"bin.-td

Eshimatora from in Order htalitu s of Scale Paramectr 0 of O'ribull )'opulhifon
Shape Paramotor K - 6.0

M 7!d Var j/0o -i 6/6 Vur /02

1 1 077912 .03754820 51 1.001366 .000548:18
2 1 .03:7070 .016317374 52 1.(101339 .1)D115377A
3 1.024223 .010:5•1570 53 1.001314 .001152755
t 1.01797.1 .00756092 541 I .1)12S9 .001115177-
6 1.014284 .005942 55 1 0(011260 .0065(1.25
6 1. 011850 .30490205 56 1.001243 .000.199)11
7 1.010124 .0041,S01 57 1.001221 .00049030
8 1.008137 .00362,192 58 1 .001200 . LS)() F
9 1.0071-40 .0031206102 59 1 )0(1180 .0110017359

10 1.007045 .00287528 60 1.001160 .00,16505

11 1.. 0300 ,00260576 61 1.001141 .00045797
12 1.005,957 .00239241 62 1.001123 .000.15054
13 1.00540t .00219431 63 1,001105 .00044335
14 1 (O[)51)12 .00203373 64 1.001088 .0104001339
15 1.004674 (10189504 65 1.0011071 .00101210164
16 1.004380 .00177,105 66 1.001055 .0110.123111
17 1.004120 .00100758 67 1.00103) .000)41675
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"l'ux 1 (eollipl,.d)
SUnbiurma l, Fdctors for 11(rrimo Likdihood IRs,,tatora ,tid Varinyir,3 ef Ubhiased

A EstEamnlors from mit Order MatishLaic of Scalo Parameter 0 of Wetbull Iopudahoi-
""Ihpe Paramotor K - 8.0

li Viir t/0' litI Vur J/01

1 1.061801 .00201333 ,51 1.001076 .003no(18
2 1 0291305 .019305.48 52 1. 001055 .00030270
3 1,019123 .00500310 63 1.001035 .000291695
It 1.014180 .00-12l11:71 54 1 001i1) (1.00291 .11
5 1.011205 .00337 150 55 1. 000997 .0002,M07
6 1.009343 0IY277.161 56 1.000079 .00023003
7 1.0917980 .002:1506 57 1.000002 .00027507
8 1.090905 .002018435 68 1.000015 .00027118
9 I.06178 ,001•11128 60 1.0000120 .00)020053

10 1.005551 ,00102328 00 1.000914 .00020203

11 1.005040 .001417002 01 1. 00I089 .00025770
12 1.0U4015 .00134410 02 1.000884 .0002535M ...
13 1,001250 ,00123770 03 1.000870 .0002,1953
14 1.003040 .00)1.1005 04 1.00O857 .00002.1560
15 1.003083 .00100354 685 1 0008.13 .000124180
10 1.003450 .00100017 o0 1.000=31 .00023812
17 3.003240 .00004(102 07 1. 0RIO818 .00(12P.15.1
18 1.003004 .O(tclt•1(69 68 1.0o001-0 . ]0o23108
19 1.002901 ,00083008 69 1.000794 .00022771
20 1.002755 .00070033 70 1.000783 .000224.14

21 1.002623 .00075772 71 1.000772 .09022120
22 1.002503 .00012268 72 1.0W0761 .00021817
23 1.002393 .010069074 73 1.0000751 .00021517
k4 1.002293 .00066150 74 1.0007,11 .00021224
25 1.002201 .00003463 75 1.ot)0731 .000209-10
20 1 .002 16 nAMAG9'7 71, 1 0001721 .00020013
27 1.0012037 .00o0s'tlld 77 1.000712 .00020393
28 1 001904 .00056571 78 1.000702 .000)20131
29 1.001890 .0005.15115 70 1.0(0194. W .000198,75
30 1.001832 .00052752 80 1.(tl0t104 .00(0101625

31 1.001773 .00051021, 81 -1.000676 .00019381
32 1.001717 .000-19.115 92 1.0o)10608 .00o1911.1,1
33 1.100165 .00047001 83 1.000)660 .01)M18$912
34 1.0161010 .000.10-170 84 1.0052 .006111808 A
35 1,001)500 .0001.5133 85 1.0000-15 .oo010i8,85
36 1.0(11520 .0110-13,,%01 80 1.,0(0037 .00018250
37 1.001,18.1 .00042609 87 1.000630 .0(30IS0(30
38 1.001445 .090414534 M8 1.000623 .000178:33
39 1 001408 .000.10-159 89 1.I1(101130 .00017632
40 1,001372 M000394138 00 1, 00009 .00017435

41 1.001339 ,000:18-167 PI A IH 0.11(0(32 .0017243
412 1.001307 .000375-13 92 1.1100)595 .00017054
43 1.001276 .000336662 913 1 00058o9 .O00MMN70
44 1.0012417 .00035822 94 1 01100583 .00(160900
415 1.001210 ,0011:1(M19 1)5 1 000577 .0001651.1
•16 1.001193 .00034251 116 1 000571 .016:M
47 1,0011167 .000331510 97 1 0110565 .W016)1(I172
,48 1.0011.13 ono32.03 )q 1. 0((0105510 .000160100
.19 1.001120 .&M132138 99) 1 0((0553 .0001)58;14
50 1.001007 .00031490 100 1.000513 ,s'000156S5



WEIBULL POPULATION WITH KNOWN SIIAPL PARAMMIR 421

and if the test is terminated at the tittle of the in-th failure (m < 100), one
can compute a ia-ximninum likelihood estilnator 0 of the mi'lt, parameter 0 f.l:n

(5) and then multiply 0 hy the unbia.,dng factor 0/6 given in Table i to otitaLii
an unbiased estimatir 0. The ratio, Var 0/0', of the. variance of the unbiased
eCstimator to 0, is 1dso given in the table. The efficieney 1R of tile unbiased
estimator based on the !irnt tt order Rtatisqie.c as compared with the one based
oil 11l n order stathitics (m <n_5 100) can be found by taking the ratio of two
entries in the Var 0/0' eolmhinn of i'ablo 1. It Can be seen that the lpercentage,
eflicieney is approximltely 100m/n.

7. NUME•IUCAL EXAIVLIn

As an illutration of the uAe of the udX)ve results, considcr ft simulated life
test on forty coniponenits. Suppose the obswrved failure times in hours are as
follows:

5 33 55 65 82 102 114 142
10 34 58 0 5 85 103 110 143
17 36 58 66 90 106 117 151
'1 32 54 131 07 92 107 124 158
32 55 640 08 92 114 139 195

Suppose the vxperimenter knows that these times tire from a Weibull pop-
ulation with slhape parameter K = 2.0 and wishes to obtain a point estimnato
and set 80% upper and lower confidence bounds on the scale parameter 0.
Tihe vonventional confidence bounds tirc those based on all 40 observations,
but the expcrimenler might not. want. to wait. for all the eomnponentts to fail
anld ilxt therefore terminlate the test at. the time of thie rth failure (it < 40).
We can simulate this occurrence by censoring upper portions of the above
.oUjLlWi .. a. Che v ... h fli• h, ivinonm likelihood ostimator 0 were cal-
culated from (5) for m ., 8(8).I0, Itild 0 was obtained by n1.1tiplvying by tOhe
inbilsing factor V60 given in Table 1. Then the lower tid rl)ppor 80% eon-
fideiice bounds, Q.b at1 0 3u , wetr mcidelated from (It) with the aid of a table
of percentap point,sz of the ehi-square( distribution given by IHarter (106.1a).
The intervaiik betwen paireId vidthis of Q to and '. o are cent ral 60' confidence
intervals for 0. The efliciencies, E. and P,, , of uppei confidence bounds and
central confidence intnrvals, with confidence levels 80%o and 600%, respec-
tively, based on tile firnst i out of i ordered observations, were calculated by
substituting, in (12) and (13), values of E(0(j' -- 0)'] obtained froi, (11) and
of E - 0)%l Ft0 - 0)0. and EI(Q' - 0)'] obtained from 01t) modified as
iuidicated in Section 4. The efliciency E, of tile unbiased point et.imittor 0
was computed as indicated in Q'.eetion 7. The results are as follows:

tit 1 "-'( E,(%) !.',r() ;,

8 77.0 78.2 68.1 92.2 16.21 1.2 19.8
I6 91.9 92.6 8:3.5 103.3 34.4 3"\ 1) 9.8
2.1 95.2 9,5.7 88.2 10,1.8 57.3 59.3 59.9
32 93.7 94.1 87.6 101.7 78.5 79.1 7-1 9
40 93.3 :193.( 87.8 100.3 100.0 100.0 100.0



A22 TeCIINOMETRICS. VOL 7, NO. 3, AUGUST 1965

Nott' thait E. < ."' I, e 1011 (O'11 ' uld hill 1" A, ~ 1 I)lnin -'n I()

list fraj I A.,rnia IIwinl, _K W ;*.(~I;, I

______ 2. 1 ~~IARTIbll, It. 1 i Ill. A (i T 14.- ill life~ fite,11141alth G.~ DIf-immi-F ",i- i, h lk illma ' ii-t (if Icr-
4-mllp iiI' ~av 'cps rit a (r M I r 1._Sq,.oeav isml Ili h; .I risIr b,,ix,, . 1'. 1 1 ;,i' I' I~ ru 0i I I irv,

Wa it'll lp, hm.

41. II1mriha, It. o 1111e. Crilprn ot (%)1- 110 1 lI ý Iih llll' M114'lTVI v'- :Illal.ra with !it 'ala ijpla

5. MAN-%, N. It., 190I3. (1fatiloiiii I.,!tlio1L1lP of Piht-lill, h. .,fIll.ia~.I)~1~nIo~ ~ ~ -

Relirrc ltviort, No. (13-41 im-Itaki'talyntu I ivai-imi N orthI Aowilaii-a Aitmon,111 alow, I a mi 'aagra
-- I~Paris, Cuii~forniai.

0. Qt'AY I.r, Rn A l~b J ., 11103 1aat ilititILjola it( t11w Sclitc Ptalrintaner of til We \ihatI Probnability
D~itimity Itiiationaii b Uitew of 1)lhl Ordear NlAmistiv (i~ltlshrll~ield thav-'i-A Air Furce Inastitutu

of Teml~C~I~og3, XWriglal-Paatrrioh Ai u j~rva 111thr

tIm
El



'Jscla~sified

b0MCUMENtT CON4TROL DATA - R&D
I~ ~ OW10HA IN .C, AC TII'tIdi Y , (Cral. baidl .-Dt~ r acIu ti d d)Iu,~ ~ i *,

4
I"~ so~e nh an t~ st Z n I v port I . ro & *

AppliedMffixtliomat:1co Itsearch LaboratorY Unclavelfled
Arotopace Rtesearch Laboratoriea

__- rf "- -U QIQ-r-g9 . - *0 O ----- - _ _ _ _

Point and IntervFA Estimnators, Based on rn Order Statistics, for the Scale
Paiamneter of a Woihult Population with Known Shape Paroanoter

4 0 ~SFM II; I It NO4T9S 7'ype 0 n1Z1t nd*intueq-.Z -1,,4*4*.

S cientific. ~~erm____________
A AU "RS i7 1lnmo. o nalno. h~iefvaI

Hartar, H. Leon
Moore, Albert 1-1.

6 APPOKT OAYK 74 70TAL N Of #r A6111 7Z' NO OF h~i.

October 1966 18:1 6
00 l .xK~uTuxn-lOUs e Ies ear c o*. arItioATow's #AEpooot #4vussui(s)

ts PAOJ6CT NO 7071.. 0011

o 61445014 *b ýJ'tzfAtPOfT~ HO(S) (Any othirtIumbtibiV £hlnhir 6...4o,

di 681304 ARL 66-0 198
10 AVAILAOILITY/LIMIATIO?4 NQTICIII

1. Distribuxtion of this document ia unlin-tited,

1i SUPPLCMENTARY NOTIf ~It SPONSORM0N 1010TARY ACTIVI-TY
JOURNALAerospace Research Laboratories (ARMA)

(Technometrics) Vol. 7, No 3, Wright-Patt~erson ArtB, Ohio

[3 AU',TflA.-

A dorivation is given of the xnaximuin likelihood eatimator based on the
firot m out of n ordsorad ob-jurvations, of the -cai.c paranmeter C" of a WekV"l
population wsith knmown shape pariameter K, 'U. is shown that ?.11K 9 as a
chid-square distribution with Zin dogreois offadr (independent of n), Uso is
mnade of this fact to set upper confidence hounds xvitlh confideuCa lovel 1-P
(lower con-fidence bounds with confidence level -P) on the scdke piaranmeter o
Forniulas are given for the mean squared deviations of the uipper and lower
confidence bounds from the truie valuo of the 1)araroetor. Frorn these one can
obtain expressions for the officiency of confidence boundis and confidence interval
The expected value of 63i- also deterndined, and from it the uribiasin factor

491 by which Onninst be multiplied to obtaiin an unbiasod estin-ator A19 An
expression for the varianco of the tinblaasd efstirnatori6 io found, Valuos of the
unbiasing factor and of tho variance of the xmbiased eatimators, both of which
are independent of n, are tabled for irkn 1) 1)100 and KI, 0. 5(0. 5) 4. 0(l. 0) 8. 0. A
sgection on use of the table and a nurnerical examnple, are includod.

F ORRD D I J&NAN 1473. Uiinclasuiffied ___



14 Seuritv Ckv~sitication

KL WUD LINIK A LINK 8 LINK C
ROLE ;i OLE T ROLE V YT,

rflaxiinrnu likelihood estimator
Weibull population
confidence bounds
confidence intervals

INSTRUCTIONS

1. ORIGINATING ACTIVITY: Enter the name and address imposed by security classification, using standard statements
of the contractor, subcontractor, grantee, Depslrtment of De- such as:
tense activity or other organization (corporate author) issuing (1) "Qualified requesters may obtain copies of this
the report. report from DDC."
2a.. REPORT SECU14TY CLASSIFICATION: Enter the over- (2) "Foreign announcement and dissemination of this
all security classification of the report. Indicate whetherreotb Disntahrzd.
"*Restricted Data" is included. Marking is to be in accord- eotb D sntatoie.
auct' with appropriate security regulitions. (3) "U. S. Government agencies msy obtain copies of

11, this report directly from DDC. Other qualified DDC
2l- CROUP: Automatic downgrading is specified in DoD Di- users shall request through

Irective 5200. 10 and Armed Forces Industrial Manual. Enter
Ifhv -rotip number. Also, when applicable, show that optional_______
m..rkiriigs have heon used for Group 3 and Group 4 as author- (4) "U. S. military agencies may obtain copies of this

report directly from DDC. Other qualified users
.. REI:ORT TITLE: Enter the complete report title in all shall request through
api)tal letters. Titles in all cases should be unclassified.

If a meaningful title cannot be selected, without ciassifica-
!ion, show title classificatioht in all ca~icals in parenthesirs (5) "All distribution of this report is controlled. Qual-
,:::mvdiately following the title. ified DDC ~sers shall request through

'4. DESC'0IPTIVr NOTES: If vppropriote. enter the type of _____________________

report, e.g., interim, progrcsls, summary, annual, or final. If the report has been furnished to the Office of Technical
(live the inclusive dlates when a specific reporting period Is Services, Department of Commerce. for sale to the public. indi-
covered. cate this fact and enter the price, if kflowtu

AUTIIOR(S): Enter the name(s) of author(s) as shown on 11. SUPPLEMENTARY NOTES: Use for additional explana-
or in the report. Entei last name, first name, middle initi3l.. tory notes.
if n.i!ittirv,.show rank knd branch of service. The name of
tlo' principai .. thor iii an absolute minimuO requirement. 12. SPONSL' tinG MILITARY ACTIVITY: Enter the name of

the departmental project office or laboratory sponsoring (par
RLPORT-DATE.. Enter the date of the report as e~ay, ing for) the research and development. Include address.

niU)ntlti, year; or month, year. If more than one date app1eASRCTaresn btatgvigabif n ata
n the report. usle date of publication. 1.ASRC:Etra btatgvn re n ata

summarl of the document indicative of the report, even though
;,i. TOTAL NUMBER OF PAGES: The total page count it may also appear elsewhere in the body of the techntical re-
;,1wuld follow normal pagination procedures. i.e., enter the port. If additional space is required, a continuation sheet shall
number of par~es containing information, be attached.

7b NUMBER OF REFERENCES, Enter the total number of It is highly desirable that the abstract of elastifted reports
references cited in the report. be unclassified. Each paragraph of the abstract shall end with

H4,. ('ONTrRACT OR GRANT NUMBER: If appropriate, ente: an indication of the military security clessiflcatlon of the in-
the applicable number of the contract or grant under which formation in the paragraph, represented as (2'S). (S). (C.). of (17).
the report was writtenl. There is no limitation on the length of the abstrac t. How-

8b, W, & 8d. PROJECT &UMBER: Enter the appropriate ever, the'suggested letigth is from' 1S0 to 225 words.
military department identification, such as project number, 14. KEY WORDS: key words are technically mieaningful terms
subprojec't number, system numbers, task number, etc.

-. )-or short phrases that characterize a report.and mayl be used as
9a,. ORIGINATOR'S REPORT NUMBER(S): Enter the offi- index entries for cataloging the report. Key words must be
rialI report number by which the document will be identified selected so that no security classification is required. Identi-
and c-Uirolled by the originating activity. This number must fiers. such as equipment model designation, trade name, military
be unique t' this report. project code name, geographic location, may be used as key

S9b. OTIIFI, REPO'-!- NUMBER(SI: lItthe report has been words but will be followed by an indication of technical con-

assigned~ itV other report numbers (either by the originator text. The assignment of links, rules, and weights Is optional.
,r1ythe ,rnsor), also enter this number(s).

I.AVAli.LABILIT Y/ LIMITATION NOTICES: Enter any 'Im-
It..tion% on further dmuseminationr of the report, other than thosel

AFLC-WPAFB-JUL 66 3M Security Classification


